Solutions 10

Exercise 2.2.12
Part 1 The conditional Bayes Risk is

R(6[Ho) = C1oPr(8) + Coo(1 — Pr(6)) (1)
and
R(6|Hy) = C11Pp(9) + Co1(1 — Pp(9)) (2)
Hence the Bayes Risk is
R(6,¢(R)) = [C10Pr(6) + Coo(1 — Pr(9))](1 — ¢(R))
+[C1uPp(8) + Cou (1 — Pp(9))]o(R)
= Coo(1 = ¢(R)) + Co10(R)
+ (C10 = Coo) Pr(0)(1 — ¢(R)) + (C11 — Co) Pp(0)9(R),
where Pr(0) = >, y, P(y[Ho) and Pp(d) = >_ y, P(y|H1).

Part 2 The LRT that minimize the Bayes Risk is L(, ¢(R)) ;

Hy

7, where

o (Cro — Coo)(1 — ¢(R)) (@)
(Cll - COI>¢(R) .

It is a specific decision rule, and the case that (4, »(R)) = 7 doesn’t influence the Bayes
Risk since (Cy9 — Coo) Pr(6)(1 — ¢(R)) + (C11 — Co1) Pp(0)d(R) = 0. Hence a randomized
test is not necessary.

Part 3 The slope of and straight-line segment on the ROC is a constant, which is exactly
the LRT. For the same LRT, we have the same decision rule hence Pr(d) and Pp(d) are
constant. Then the Bayes Risk is constant.

Part 4 If Pr is continuous function with respect to 7, then Pr = «. If it is a discrete

function, then we need to find p that

pl-a")+(1-p(l-a)=1-a ()

and hence p = =% Then ¢(R) = 2=2
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Part 1

V 2merfe(x) :/ e dt
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Hence we finish the proof.
Part 2

Solution 1 By mathematical induction we can finish the proof.

Suppose
n—1
1 2 1-3.--2m—1
erfc(z) = \/%a:eiw 201+ g (—™ xgm ) + R,
m=1
and

2 (Y1320 —1) ¢
R, (—1)”9062/ (2n )6_7dt

t2n

Firstly, from part 1 we have

1 2
erfe(r) = — e 2dt
V2m /x
1

(10)

(11)



Then the assumption holds for n = 1 and n = 2. Suppose that it holds for the k-th item,
then for k£ 4 1-th term we have

k—1
1 e 1-3---(2m —1)
erfe(z) = ——e /2 [ 1+ 1™ + R 12
() \/ﬂ% ( m:1( ) 22m k ( )
where
2 [T01.3-(2k—1) _p
Rk:(—l)kxe’Z/m tZ(k )e’Tdt
po2 13- (2k—1) _22 T3 2k =12k +1) e
= (=1)"ze> [ 22kt 1 € - ; £2k+2 e =dt 13)
1-3---(2k—1) 2 [T 1.3 2k-1)(2k+1) 2
= (D et e e
1-3---(2k—1
= (=1)* ajgk ) + Bi1
Hence

erfc(z) = 5
wx

k
2 1-3---(2m—1
e /2 (1 + E (—1)™ xgm ) + Rk+1> (14)
m=1

and the assumption is right.

From (13) we can get Ry has the same sign with (—1)’“% when z > 0, i.e. Ry
has the same sign as the k£ + 1-th term. Notice that Ry, has the different sign from Ry,
then |Ry| < %, i.e. the remainder is less than the magnitude of the k + 1-th term.

Solution 2

1 L2
erfc(z) = —/ e 2 du
21 Ja
11 22 <21
= ———€ 2 — e 2 —du
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If we want to derive R,,, we need prove that
R . 1 21
/I We 2 du = Ee 2 79 (16)



And the proof is:

_2? 1 OO —1 1 —n—z
= T i e (1—1—;) 2dt
_2? 1
= e 2 .$2n+10
Therefore,
n—1
1 2 1-3-- (2m —1)
erfc(x) = ez |1+ —1)m™ + R,
@)= <= > .t
where 1.3 (2n—1)] [® ot
e n — - Ll
R = |- e T AGUEE R

Exercise 2.2.17
Part 1 The LRT is

_ pCC1,CC2|H1 (xla 1‘2|H1)

L(X1, Xs) = Pos eatro (0, 72l o)
0o [GXP (% - %) + exp (% — %)]
B 201
Part 2 We have
Pp = P(Hq|Hy)

= / Pxy,x0|Hy ($17$2|H1)d$1d$2
L(z1,22)>

1 X2 X2 X2 X2
= / [exp (——12 — —22> + exp (——12 — —22)} dzydxs
Am0100 J1(21,20)>7 207 203 205 207

Pr = P(H,|H,)

= / Dy wa|Ho (X1, 2| Ho)dxydy
L(z1,z2)>T

1 X2 X2
= 5 / exp <——12 - —22) dridxs
21005 JL(ar 22)>7 205 205

Let L(z1,x9) > 7, we have

o? —a , o? —a 270,
exp 55 L] | +exp 55 Ty | =
20407 2050

and

And here we need divide the problem into 2 cases to discuss.

(17)
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1) If o1 > 0, then the upper bound region is

2 2
2| > %07 s (T2 1) = (24)
o2 — o} o)

and the lower bound region is

2 2 -2
U]. — UO o4y

The upper bound of Pp:
Pp = P(Hy|Hy)
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— ()

The lower bound of Pp:
Pp = P(Hy|Hy)

:/ pzl,zgml(l’l,$2|H1)dl’1d$2
L(z1,22)>
1 X X2 X; X3
= - =2 - dayd
477'0'10'0 /L(:v1 z2)>T |:eXp ( 20-1 2 ) e b ( 20 O 20 % e
2 2 X
= / / {exp ( — —2) + exp (——1 — )} dzidxs
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pS
5 2
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The upper bound of Pg:
PF - P(H1|H0)

= / p;cl,a:2|Ho($1, x2|H0)dx1dx2
L(z1,22)>7

1 Xz X2
exp dzydxs
27TO—O L(x1,x2)>T 20-0 2O-O

X? X2
/ / exp (——12 — ) dzidxs
27T00 z1=C1 Jz2=C1 2O-O 20-0

o T oo oy (o~ g
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The lower bound of Pg:
Pr = P(H,|H,)

= / Day o Ho (21, T2| Ho)da 1 dis
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1 Xz X3
/ exp (—— - —) dridxs
27T(70 (@1,22)>7 202 202
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I (Xf Xg)d d
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2) If 01 < 09, then the upper bound region is

2 2
e (P )

and the lower bound region is

20202 TO
|.Z" < 2 . 12 In ) = Co

(30)



The upper bound of Pp:
PD == P(HI‘Hl)

= / Pzy,x0|Hy ($1,$2|H1)d$1dx2
L(xy1,x2)>

2
0
Ch Ch X2 X2

47-[-0-10-0 /:):1 *Cl /-';2— C1 |:exp( 2 ) (

C 2

_ _2
2 27r01 27rc70 /xl—cl /a: {exp ( 2‘71 )

= (1 - 2@(0—1)) <1 - QQ(U—O))

The lower bound of Pp:
Pp = P(Hy|H,y)

= / D wo iy (X1, To| Hy )dx 1 dy
L(z1,x2)>

1 / Xz X3 n Xz X3
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The upper bound of Pr:
Pr = P(H|Hy)
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The lower bound of Pr:
pF - P(HlyHo)
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Exercise 2.2.19
Part 1 The LRT is

L(R) = Drijm, (Ril Hy)
pal DPriHo (R Ho)
N _
_ (% NHeXp (Ri —mo)* (i —ma)?
o) <1 | 202 202
N N -
() [Lexp |Emmo) ool = m) (36)
01 Py L 20507
_ (20} [Jexp [ (=B E = 2Rilatmo = obmy) + ot — ofm?
1 Pl P i 20202
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Part 2 If 2my = m4, 201 = 0y, we can derive the LRT is

—3lg + 14lymo — 15Nm2\ 2
L(R)IQNeXP< ot ey =12 mo)z

-
802 Ifo (37)
L 8, 14 2
= g = —501(1117' — NIn2) + glamo — 5Nmg.
Hy

Therefore, there is a line separate the l,, {g-plane to two parts. The slope and the intercept
of the line are

k=m
Y (38)
b=—-%(InT — Nln2)oi — 5Nm]

The region above the line is Hy and the other is H;.



